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Linear Spaces, Subspaces and Hamel Bases
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Abstract: A linear space is a collection of objects called vectors which may be added together and
multiplied by numbers, called scalars. Scalars are taken to be real numbers, sometimes complex numbers,
rational numbers or generally any field. Linear spaces are the subject of linear algebra and are well
characterized by their dimension, which roughly speaking specifies the number of independent directions
in the space.

1. Introduction
The focus of this paper is on linear space, linear hull, Hamel bases, dimensionality of linear space, some
theorms on dimensionality of linear space.

1.1 Definition : linear space [1] : A linear space over C (complex linear space) is non empty set X with a
funtion + on XxX into X, and a function . on CxX into X such that for all complex A, u and
elements (vectors) X, y, z in X we have (1) X +y = y+x (2) x+(y+z) = (x+y)+z (3) there exists o
Xsuchthat x + e =x (4) there exists —x ¢ xsuchthatx +(-x) =e (5) 1. X=x (6) Mx +y)=Ax +
Ay (7) (A + p)x =ix +px (8) AM(ux) = (Au)x. An equivalent way of defining a linear space is that it is
an additive abelian group w.r.t addition i.e (1) to (4) holds, for which also scalar multiplication is
defined such that (5) to (8) holds. The element o is called zero, neutral element or origin in X. It is
easy to see that e and —x are unique.

Example : (1) C is complex linear space with usual addition and multiplication for complex numbers.

(2)R" becomes a real linear space if we define coordinatewise operations as : X +y = (X1 + Y1, Xo + Yo,...,

Xn * Yn), AX = (AX1 ,AX2,... ,AXn) Where X = (Xq, Xo,..., Xn), ¥ = (Y1, Y2,..., Yn) and A is real.

(3) Let s be the space of all the sequence (x,) , then s becomes linear space under definitions (x,) +( y,) =

(Xn * Yn), MXn) = (AXq)

1.2 Linear map and isomorphism[2] : let X ,Y be linear spaces over the scalar field . A map f:X—

Y is called linear if f(Ax +uy) = Af(x)+uf(y) for all scalars A,p and all x,y & X. An isomorphism f: X =Y

is bijective linear map then we say X and Y are isomorphic if there is an isomorphism f : X =»Y

Example: prove that f : R®—R3, given by f(x) = (X, -X1, X, ) is an isomorphism

Proof: First we will prove that f is a linear map . So consider scalars A, pand X,y s Riie x= (X1, X2,

X3), ¥ = (Y1, Y2, ¥a)

=St + py) = A Xp + LY, AXo + LY, A X3 + 1L Y3)

= (A X2 L Y2, - (M X1+ Y1), A X3 + 1L Ys3)
= (A Xo = A X,A X3) + (K Y2, -H 1,1 Y3) = MX2,~ X1, X3)
= M(x) + ui(y)
Next, one- one , let f(x) = f(y) =f(Xy, X2, X3) = (Y1, Y2, Y3)
= X2,m X1, X3) = (Y2~ Y1, Y3)
=>X2=Y2, X1 = Y1, X3 = Y3
We find =x =y
Onto: Lety & R® be such that we find x & R®so that f(X) =y =( Xz,- X1, X3) = (Y1, Y2, Y3)

SX2=Y1,X1=-Y2,X3= Y3
Thus f(-y2, Y1, Y3) = (Y1, Y2, Y3)
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=f is onto. Hence f is isomorphism.

2. Subspaces ,Dimensionality

2.1 Definition: A subspace M in a linear space X is a non empty subset of X such that AX +puy s
M whenever X, y & M, for all ,,pu & C. We see that if {M} is a family of subspaces then NM, is also a
subspace.

2.2 linear hull [3]: let S be a subset of linear space X. Then I. Hull(S), linear hull of S, is intersection of all
subspaces containing S. Some terms such as ‘span of S’ or ‘subspaces generated by S’ are also used for
linear Hull of S

2.3 Linear independence: A finite subset (X3, X,, ..., X,) of X is called linearly independent set iff a relation
of the form Ay X3 + Ay Xo +...+ Ay X, = 0 implies Ay =2, = ... =X, = 0. If a finite subset is not linearly
independent then it will be called linearly dependent . An arbitrary subset of X is called linearly
independent iff every one of its finite subsets is linearly independent.

2.4 Hamel Base: A subset B of X is called Hamel base for X iff B is linearly independent set and |
hull(B) = X

2.5 Dimensionality [4]: A linear space X is called finite dimensional iff X has a finite Hamel base i.e B is
a finite dimensional set which is Hamel base and the number of elements in Hamel Base is called
dimension of X.

If X is not finite dimensional then it is called infinite dimensional.

2.6 Theorem: Linear space C" has dimension n.

Proof: Consider the linear space C" and let e; = (0,0,...,1,0,...),where 1 is in i-th place and there are zeros
in other n-1 places. The set (e, €,,..., €,) is called set of unit vectors in C".

Consider Ay 61+ A€ +...+ A e,= 0

=21 (1,0,...0) + 25(0,1,...0) +... +1,(0,0,...,1) ==0

:r( 7\.1, 7\.2,..., 7\,n) = (0,0,,0) ﬁ)\l = 7\.2 =...= 7\‘” =0

=Set B = (ey, €,,... ,&) is linearly independent.

Now, clearly Lhull(B) c C", let us take X = (X1, Xo,..., Xn) = X1 (1,0,0,...,0) + X»(0,1,0,...,0) + ...+
Xn(0,0,...,1) =X €1+ Xp €, +...+ X, €y

=x ¢ |.Hull(B)

=|.Hull(B) = C" =B is Hamel Base for C" .since B has n elements.

=C" has dimension n.

2.7 Theorem [5]: If X have a Hamel Base with n elements. Then any set of n + 1 elements in X is linearly

dependent.
Proof: If n =1 and {b} is Hamel Base then for each x;, x,in X we have x; = b, X = A;b
If A A, =0=2A =00rk, =0 =either x; =6 0or X, = o ={ Xy, X,} is linearly dependent. If Mt

0 =A; 70, 70 and Ao X4 — Aq X = )\Q()\.lb) -M ()\,Zb) =0 where A, Ay #0

={ Xy, Xz} is linearly dependent. Thus result is true for n= 1. Consider the case n = 2, finishing the proof
by induction. Take n =2, B = {b,, b,} a Hamel Base .

Let S = (Xy, X2, X3) be any 3- element set in X then x; = Xi; by + A, by (1 =1,2,3)

Consider the subspace M = L.Hull(b,). If all of Xy, X5, X3 8 M then, since {b;} is Hamel base for M, the
case n = 1 shows that element set { X, X3} is linearly Dependent. If however Xy, X, Xs are not all in M =
X3 & M implies A3, # 0, for otherwise X3 = A3, by & M, contrary to hypothesis. For i = 1,2, define y; = x; —
Ao X3/ A3 = At bl + Ao b2 - 7\420\.31 bl + A3 bg)/ M e M fromcase n = 1, two element set { Y1, yz}
is linearly dependent i.e there exist uj, U, not both zero such that u; X;+ Uy X, + Ax3 =, where A depends on
Uz, Up, A2, App Az .Hence we see S is linearly dependent which proves theorem for n = 2. Thus by using
idea of the case n = 2, it is easy to finish the proof inductively.

2.8 Theorem: Let X be finite dimensional. Then all the Hamel Bases for X have the same number of
elements.

Proof: Let B is a Hamel Base with n elements and let B’ be another Hamel Base for X. B’ must be finite ,
otherwise it could have n + 1 linearly independent elements, contrary to theorem 2.7. If B’ has m
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elements, then we have to prove that m = n. For if m > n or m < n, we contradict theorem 2.7, since B,B’
are both bases.

2.9 Theorem: If X is finite dimensional with dimension n, then X is isomorphic to C".

Proof: Since X is finite dimensional with dimension n there is Hamel Base (say) {by, b,....,
b} Ifxe X=2x=x by +X; b, +...+ A b, for some scalars A;. The A;are unique ,for if

X =U bl + Uy b2 +...tu, bn

>M b1+7\,2 b2+...+7\,n bn = U b1 + U, b2+...+un bn

=M - Up) by + (o —uy) by +.. .4+ Ay — Uy) by = 6 2= U; (i<i<n)
By linear independence of b;. Now, defineamap f: X -C"as: letx ¢ X
> X=X by +2 by +...+ X, b, for unique scalars A;
Now, (A4, Ag,..., Aq) & C"
=>define f(X) = (A1, Ap,..., Ay) is well defined map. Clear f is bijective and it is easy to check f(ax + By) =
af(x) + Bf(y) for scalars o, and x,y ¢ X . Hence f is an isomorphism .

3. Convex, balanced, absolutely convex, absorbent
3.1 Definition [6]: let E be a non-empty subset of linear space X.
1. Eiscalled convex iff x,y e Eand A+ u=1, with A >0, u >0, imply Ax + py ¢ E
2. Eiscalled balanced iff x s Eand | Al <1 imply Ax ¢ E
3. Eiscalled absolutely convex iff x,y ¢ Eand | Al + 1 pl <1 implyAx +pnuy ¢ E
4. Eis called absorbent iff to every x & X there corresponds a number p = p(x) > 0 such that if | Al
<pthenix ¢ E

3.2 Theorem [7]: Denote by d the metric on C" given by d(x,y) =(Qr=1|xx — yk|2)1/2 for each x = (xy,
X2 .0y %), Y = (Y1, Y2, ..., Yn) iN C"
Then any closed sphere S[a,r] = (x ¢ C" /d(x,a) <r) of centre a ¢ C" and radius r > 0, is a convex subset of
Cn
Proof: Take X,y € S[a,r], A +pu=1,1>0, u >0 then d(x,a) <r, d(y,a) <r

Now, d(x + y, @) = (See | A% + uyic — el 72

1 1
=1l + oy — A+ agl?) /2 =Xl A0 — @) + (i — axl?) /2

1 1
< (ZRoalACo = a2 +(ERoslui — axl?) /2 =k d(x,2) + p d(y.a) < hr +pr =r
On using Minkowski’s inequality. Hence we have show that d(Ax +uy,a) <r which implies Ax +uy &
S[a,r] so S[a,r] is convex.

References
[1] Maddox, I.J. On kuttner’s theorem. J. Lond. Math.soc
[2] Weintraub, Steven H.A guide to advanced linear algebra, United states of America: The
mathematical Association America, 2011
[3] Madox, 1.J. Intoductory Mathematical Analysis(Adam Hilger)
[4] Neumann, C. Untersuchungen uber das logarthmische and Newtonsche potential
[5] Robertson, A.P and Robertson,W.J Topological vector spaces
[6] Zygmund, A. trignometrical series (Dover)
[7] Rudin, W ., Principles of Mathematical analysis (Mc Graw- Hill)

A UGC Recommended Journal Page| 106



